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ASSOCIATED DERIVED INVARIANTS
of Geometric Mappings
Nenad O. Vesic´∗
Abstract
General invariants of a geometric mapping of a symmetric affine connection space are
obtained in this paper. These invariants are generalizations of the previous obtained basic
invariants (see [16]). Moreover, these invariants are related with the Thomas projective pa-
rameter and the Weyl projective tensor.
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1 Introduction
This paper is devoted to generalize the Thomas projective parameter [15] and the Weyl
projective tensor [17] as invariants of a mapping of an affine connection space. These invariants
are primary generalized in [16] but it is obtained these invariants are not unique ones in this
paper. Therefore, we are interested to obtain some invariants of geometric mappings different
of the invariants from [16] in this paper.
1.1 Spaces of affine connection
An N -dimensional manifoldMN equipped with an affine connection ∇ with torsion is called
the non-symmetric affine connection space GAN . The affine connection coefficients of the affine
connection ∇ are Lijk and they are non-symmetric by indices j and k.
The geometrical object
Lijk =
1
2
(
Lijk + L
i
kj
)
, (1.1)
satisfies the equation
Li
′
j′k′ = x
i′
i x
j
j′x
k
k′L
i
jk + x
i′
i x
i
j′k′ ,
so it is the affine connection coefficient of a symmetric affine connection space AN .
The manifold MN equipped with an affine connection ∇˜ whose coefficients are Lijk is the
associated space AN (of the space GAN ).
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There is one kind of covariant derivation with regard to a symmetric affine connection:
aij|k = a
i
j,k + L
i
αka
α
j − L
α
jka
i
α, (1.2)
for a tensor aij of the type (1, 1) and the partial derivative ∂/∂x
i denoted by comma.
From the corresponding Ricci-type identity, it is obtained one curvature tensor of the asso-
ciated space AN :
Rijmn = L
i
jm,n − L
i
jn,m + L
α
jmL
i
αn − L
α
jnL
i
αm. (1.3)
Special symmetric affine connection spaces are Riemannian spaces RN whose affine connec-
tion coefficients are the corresponding Christoffel symbols Γijk of the second kind.
Many authors have developed the theory of symmetric affine connection spaces and mappings
between them. Some of them are J. Mikesˇ [1–3, 8–12], N. S. Sinyukov [13], V. E. Berezovski
[1–3,9,11], L. P. Eisenhart [4] and many others. M. S. Stankovic´ (see [14]) obtained an invariant of
an almost geodesic mapping of a non-symmetric affine connection space from the corresponding
transformation of the curvature tensor (1.3).
1.2 Motivation
H. Weyl [17] and T. Y. Thomas [15] obtained invariants of geodesic mappings of a symmetric
affine connection space. J. Mikesˇ with his research group [1–3, 8–12], N. S. Sinyukov [13], and
many other authors have continued the process of generalization of these invariants.
The search for general formula for invariants of geometric mappings is started in [16]. The
basic invariants of geometric mappings are obtained in this paper. It is also studied a special
case in that paper. In this special case, it is obtained basic invariants of a mapping but the
author founded some other invariants different of the basic ones. We are interested to obtain
some of these invariants which are not basic in this paper.
The invariants which we are interested to develop in this paper are
• The generalized Thomas projective parameter [15]:
T ijk = L
i
jk −
1
N + 1
(
δikL
α
jα + δ
i
jL
α
kα
)
. (1.4)
• The Weyl projective tensor [17]:
W ijmn = R
i
jmn +
1
N + 1
δijR[mn] +
N
N2 − 1
δi[mRjn] +
1
N2 − 1
δi[mRn]j. (1.5)
In a Riemannian space RN , the Weyl projective tensor (1.5) reduces to
W ijmn = R
i
jmn +
1
N − 1
(
δimRjn − δ
i
nRjm
)
. (1.6)
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2 Reminder on basic invariants
Let f : GAN → GAN be a mapping between non-symmetric affine connection spaces GAN
and GAN . The deformation tensor P
i
jk of this mapping satisfies the corresponding equation [16]
P ijk = L
i
jk − L
i
jk = ω
i
jk − ω
i
jk + τ
i
jk − τ
i
jk, (2.1)
for geometrical objects ωijk, ω
i
jk, τ
i
jk, τ
i
jk of the type (1, 2) such that ω
i
jk = ω
i
kj, ω
i
jk = ω
i
kj,
τ ijk = −τ
i
kj, τ
i
jk = −τ
i
kj.
After symmetrizing the equation (2.1) by indices j and k, one gets
L
i
jk = L
i
jk + ω
i
jk − ω
i
jk. (2.2)
With regard to the last result, it is obtained three kinds of invariants of the mapping f
in [16]. In this paper, we are interested to generalize just invariants of the second kind. The
basic invariants which we will generalize are:
T˜ ijk = L
i
jk − ω
i
jk, (2.3)
W˜ ijmn = R
i
jmn − ω
i
jm|n + ω
i
jn|m + ω
α
jmω
i
αn − ω
α
jnω
i
αm, (2.4)
for p11, . . . , p
2
3 = 1, 2, ω
i
(1).jk = L
i
jk, ω
i
(2).jk = ω
i
jk. The invariant (2.3) is the basic invariant of the
mapping f of the Thomas type but the invariant (2.4) is the basic invariant of the mapping f
of the Weyl type.
3 Derived invariants
In general, the geometrical object ωijk from the equation (2.1) has the form
ωijk = s(1)
(
δijρk + δ
i
kρj
)
+ s(2)
(
F ijσk + F
i
kσj
)
+ s(3)σjkϕ
i, (3.1)
for s1, s2, s3 ∈ R, 1-forms ρj , σj , an affinor F
i
j , a covariant tensor σjk symmetric by indices j
and k and a contra-variant vector ϕi.
Remark 3.1. The geometrical objects δijρk+ δ
i
kρj, F
i
jσk+F
i
kσj, σjkϕ
i are linearly independent.
Otherwise, there would not be necessary three constants s(1), s(2), s(3).
With regard to the equation (3.1), we get
ωαjmω
i
αn =
(
s(1)
)2
δijρmρn +
(
s(1)
)2
δimρjρn
+ δin
(
2
(
s(1)
)2
ρjρm + s(1)s(2)
(
Fαmρασj + F
α
j ρασm
)
+ s(1)s(3)σjmραϕ
α
)
+
(
s(2)
)2(
F in
(
Fαmσj + F
α
j σm
)
σα + F
i
α
(
Fαmσj + F
α
j σm
)
σn
)
+
(
s(3)
)2
σjmσαnϕ
αϕi
+ s(1)s(2)
(
F in
(
ρjσm + ρmσj
)
+ F im
(
ρjσn + ρnσj
)
+ F ij
(
ρmσn + ρnσm
))
+ s(1)s(3)
(
σmnρj + σjnρm + σjmρn
)
ϕi
+ s(2)s(3)
((
Fαmσj + F
α
j σm
)
σαnϕ
i +
(
F inσα + F
i
ασn
)
σjmϕ
α
)
(3.2)
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It holds the following theorem:
Theorem 3.1. Let f : GAN → GAN be a geometric mapping. The geometrical objects
T˜
(s).i
jk = L
i
jk − s(1)
(
δijρk + δ
i
kρj
)
− s(2)
(
F ijσk + F
i
kσj
)
− s(3)σjkϕ
i, (3.3)
W˜
(s).i
jmn = R
i
jmn − δ
i
jζ
(s)
[mn]
− δimζ
(s)
jn + δ
i
nζ
(s)
jm + D˜
(s2).(s3).i
jmn − D˜
(s2).(s3).i
jnm , (3.4)
for
ζ
(s)
ij = s(1)ρi|j +
(
s(1)
)2
ρiρj + s(1)s(2)
(
Fαi σj + F
α
j σi
)
ρα + s(1)s(3)σijραϕ
α, (3.5)
D˜
(s2).(s3).i
jmn =
(
s(2)
)2(
F in
(
Fαmσj + F
α
j σm
)
σα + F
i
αF
α
mσjσn
)
+
(
s(3)
)2
σjmσαnϕ
αϕi
+ s(2)s(3)
((
Fαmσj + F
α
j σm
)
σαnϕ
i −
(
F imσα + F
i
ασm
)
σjnϕ
α
)
− s(2)
(
F ijσm + F
i
mσj
)
|n
− s(3)
(
σjmϕ
i
)
|n
,
(3.6)
s = (s1, s2, s3), are the basic invariants of the mapping f .
3.1 Invariants in associated space
We will analyze the invariants (3.3, 3.4) of a mapping f : GAN → GAN bellow. From this
analyzing, we will obtain some other invariants of the mapping f .
After contracting the equality T˜ ijk − T˜
i
jk = 0 by indices i and k, we get
(N + 1)s(1)
(
ρj − ρj
)
= L
α
jα − s(2)
(
F
α
j σk + Fσj
)
− s(3)σjαϕ
α
− Lαjα + s(2)
(
Fαj σα + Fσj
)
+ s(3)σjαϕ
α,
(3.7)
for F = Fαα , F = F
α
α.
After substituting this equation into the equality T˜
(s).i
jk − T˜
(s).i
jk = 0, one obtains
T˜
(s).i
jk = T˜
(s).i
jk ,
for
T˜
(s).i
jk = L
i
jk −
s(1)
N + 1
δij
(
Lαkα − s(2)(F
α
k σα + Fσk
)
− s(3)σkαϕ
α
)
−
s(1)
N + 1
δik
(
Lαjα − s(2)(F
α
j σα + Fσj
)
− s(3)σjαϕ
α
)
− s(2)
(
F ijσk + F
i
kσj
)
− s(3)σjkϕ
i,
(3.8)
and the corresponding T˜
(s).i
jk .
Lemma 3.1. Let f : GAN → GAN be a geometric mapping of a non-symmetric affine connec-
tion space GAN . The geometrical object (3.8) is an invariant of the mapping f .
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Corollary 3.1. The invariant (3.8) and the Thomas projective parameter T ijk given in the
equation (1.4) satisfy the equation
T˜
(s).i
jk = s(1)T
i
jk + (1− s(1))L
i
jk − s(2)
(
F ijσk + F
i
kσj
)
− s(3)σjkϕ
i
+
s(1)
N + 1
(
s(2)(F
α
k σα + Fσk
)
+ s(3)σkαϕ
α
)
δij
+
s(1)
N + 1
(
s(2)(F
α
j σα + Fσj
)
+ s(3)σjαϕ
α
)
δik,
(3.9)
for the corresponding s = (s1, s2, s3).
The geometrical object (3.8) is the derived associated invariant of the Thomas type.
Furthermore, from the invariance of the geometrical object (3.4) we obtain
R
i
jmn = R
i
jmn + δ
i
j
(
ζ
(s)
[mn] − ζ
(s)
[mn]
)
+ δim
(
ζ
(s)
jn − ζ
(s)
jn
)
− δin
(
ζ
(s)
jm − ζ
(s)
jm
)
− D˜
(s2).(s3).i
jmn + D˜
(s2).(s3).i
jnm + D˜
(s2).(s3).i
jmn − D˜
(s2).(s3).i
jnm .
(3.10)
After contracting this equation by indices i and j, we get
(N + 1)
(
ζ
(s)
[mn] − ζ
(s)
[mn]
)
= −R[mn] + D˜
(s2).(s3).α
αmn − D˜
(s2).(s3).α
αnm
+R[mn] − D˜
(s2).(s3).α
αmn + D˜
(s2).(s3).α
αnm .
(3.11)
From the equations (3.10, 3.11), one obtains
R
i
jmn = R
i
jmn +
1
N + 1
δij
(
R[mn] −R[mn]
)
+ δim
(
ζ
(s)
jn − ζ
(s)
jn
)
− δin
(
ζ
(s)
jm − ζ
(s)
jm
)
+
1
N + 1
δij
(
D˜(s2).(s3).ααmn − D˜
(s2).(s3).α
αnm − D˜
(s2).(s3).α
αmn + D˜
(s2).(s3).α
αnm
)
− D˜
(s2).(s3).i
jmn + D˜
(s2).(s3).i
jnm + D˜
(s2).(s3).i
jmn − D˜
(s2).(s3).i
jnm .
(3.12)
From the contraction of this result by indices i and n, we get
(N − 1)
(
ζ
(s)
jm − ζ
(s)
jm
)
=
N
N + 1
(
Rjm −Rjm
)
+
1
N + 1
(
Rmj −Rmj
)
+
1
N + 1
(
D˜
(s2).(s3).α
α[jm] − D˜
(s2).(s3).α
α[jm]
)
− D˜
(s2).(s3).α
j[mα] + D˜
(s2).(s3).α
j[mα] .
(3.13)
With regard to the equations (3.12, 3.13), we get
W
(s).[1].i
jmn =W
(s).[1].i
jmn ,
for
5
W
(s).[1].i
jmn = R
i
jmn +
1
N + 1
δijR[mn] +
N
N2 − 1
δi[mRjn] +
1
N2 − 1
δi[mRn]j
+ D˜
(s2).(s3).i
j[mn] −
1
N + 1
δijD˜
(s2).(s3).α
α[mn]
+
1
N2 − 1
δim
(
(N + 1)D˜
(s2).(s3).α
j[nα] − D˜
(s2).(s3).α
α[jn]
)
−
1
N2 − 1
δin
(
(N + 1)D˜
(s2).(s3).α
j[mα] − D˜
(s2).(s3).α
α[jm]
)
,
(i)
and the corresponding W
(s).[1].i
jmn .
Let us test are some summands in the invariant (i) invariants of the mapping f . After
contract the equality W
(s).[1].i
jmn −W
(s).[1].i
jmn = 0 by indices i and n, we get
D˜
(s2).(s3).α
α[jm] − D˜
(s2).(s3).α
α[jm] = 0.
Hence, the invariant (i) reduces to
W
(s).[2].i
jmn = R
i
jmn +
1
N + 1
δijR[mn] +
N
N2 − 1
δi[mRjn] +
1
N2 − 1
δi[mRn]j
+ D˜
(s2).(s3).i
j[mn]
+
1
N − 1
(
δimD˜
(s2).(s3).α
j[nα]
− δinD˜
(s2).(s3).α
j[mα]
)
,
(ii)
and the corresponding W
(s).[2].i
jmn .
Let us check-out are there invariants of the mapping f into the invariant (ii). After con-
tracting the equality W
(s).[2].i
jmn −W
(s).[2].i
jmn = 0 by the indices i and j, one obtains
D˜
(s2).(s3).α
j[nα] − D˜
(s2).(s3).α
j[nα] = 0.
Hereof, the invariant (ii) reduces to
W
(s).i
jmn = R
i
jmn +
1
N + 1
δijR[mn] +
N
N2 − 1
δi[mRjn] +
1
N2 − 1
δi[mRn]j
+ D˜
(s2).(s3).i
jmn − D˜
(s2).(s3).i
jnm .
(3.14)
It holds the following theorem:
Theorem 3.2. Let f : GAN → GAN be a geometric mapping. The geometrical object
(3.14) is an invariant of this mapping.
Corollary 3.2. The invariant (3.14) and the Weyl projective tensor (1.5) satisfy the equation
W
(s).i
jmn =W
i
jmn + D˜
(s2).(s3).i
jmn − D˜
(s2).(s3).i
jnm , (3.15)
for the corresponding s = (s1, s2, s3).
The geometrical object (3.14) is the derived associated invariant of the Weyl type.
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3.2 F -planar mappings
In this part of paper, we will apply the above obtained results. The theoretical part of this
application will be search for invariants of conformal mappings. The practical example will be
about a transformation of a special Riemannian space.
F -planar mappings. A mapping f : AN → AN is called the F -planar mapping if it is
determined with the equation
L
i
jk = L
i
jk + δ
i
kψj + δ
i
jψk + F
i
kσj + F
i
jσk, (3.16)
for 1-forms ψj , σj and an affinor F
i
j .
The basic equation of the inverse mapping f−1 : AN → AN is
Lijk = L
i
jk − δ
i
kψj − δ
i
jψk − F
i
kσj − F
i
jσk. (3.17)
Hence, we get the mapping f−1 is an F -planar mapping for
F
i
j = F
i
j , σj = −σj , ψj = −ψj . (3.18)
Moreover, it holds
L
i
jk = L
i
jk + δ
i
kψj + δ
i
jψk −
1
2
F
i
kσj −
1
2
F
i
jσk +
1
2
F ikσj +
1
2
F ijσk. (3.19)
Therefore, the F -planar mapping f is the case of s1 = 1, s2 = 1/2, s3 = 0, in the equation
(3.1).
After contracting the equation (3.19) by indices i and k, one gets
ψj =
1
N + 1
(
L
α
jα +
1
2
F
i
kσj +
1
2
F
i
jσk
)
−
1
N + 1
(
Lαjα +
1
2
F ikσj +
1
2
F ijσk
)
. (3.20)
With regard to the equations (3.1, 3.19, 3.20), we obtain
ρj =
1
N + 1
(
Lαjα +
1
2
Fσj +
1
2
Fαj σα
)
, (3.21)
for F = Fαα .
From the equation (3.3), it holds that the associated invariant of the Thomas type of the
mapping f is
T˜ ijk = L
i
jk −
1
2
(
F ijσk + F
i
kσj
)
−
1
N + 1
δij
(
Lαkα −
1
2
(
Fαk σα + Fσk
))
−
1
N + 1
δik
(
Lαjα −
1
2
(
Fαj σα + Fσj
))
,
(3.22)
T˜ ijk = T
i
jk −
1
2
(
F ijσk + F
i
kσj
)
+
1
2(N + 1)
δij
(
Fαk σα + Fσk
)
+
1
2(N + 1)
(
Fαj σα + Fσj
)
,
(3.22’)
7
for the generalized Thomas projective parameter T ijk from the equation (1.4).
Based on the equation (3.18), we obtain
F
i
jF
m
n σpσq = F
i
jF
m
n σpσq,
i.e. the geometrical objects (3.5, 3.6) reduce to
D˜ijmn = −
1
2
(
F ijσm + F
i
mσj
)
|n
, (3.23)
ζij =
1
N + 1
Lαiα|j +
1
(N + 1)2
LαiαL
β
jβ +
1
2(N + 1)
Lβαβ
(
Fαi σj + F
α
j σi
)
+
1
2(N + 1)
((
Fσi + F
α
i σα
)
|j
+ Lαiα
(
Fσj + F
β
j σβ
)
+ Lαjα
(
Fσi + F
β
i σβ
))
.
(3.24)
Therefore, the invariant (3.4) of the mapping f is
W˜ ijmn = R
i
jmn +
1
N + 1
δijR[mn] −
1
2
(
F ijσm + F
i
mσj
)
|n
+
1
2
(
F ijσn + F
i
nσj
)
|m
− δi[mζjn], (3.25)
for ζij given in the equation (3.24).
The invariant (3.14) of the F -planar mapping f is
W˜ ijmn =W
i
jmn −
1
2
(
F ijσm + F
i
mσj
)
|n
+
1
2
(
F ijσn + F
i
nσj
)
|m
, (3.26)
for the Weyl projective tensor W ijmn.
Example 1. In this example, we are aimed to obtain the invariants (3.22, 3.25, 3.26) of an
F -planar mapping f : R3 → R3 for the Riemannian space R3 determined with the metric tensor
gij =

 u
2 0 0
0 v2 0
0 0 w2

 (3.27)
The corresponding affinor F ij and covariant vector σj are
F ij =

 sinu 0 00 cos v 0
0 0 w

 and σj =

 00
ln(1 + u2 + v2 + w2)

 (3.28)
Let be F ijk = F
i
kσj + F
i
jσk. It is satisfied
F ijk =


0, j, k ∈ {1, 2}
sinu ln(1 + u2 + v2 + w2), i = j = 1, k = 3 or i = k = 1, j = 3,
cos v ln(1 + u2 + v2 + w2), i = j = 2, k = 3 or i = k = 2, j = 3,
2w ln(1 + u2 + v2 + w2), i = j = k = 3.
(3.29)
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It also holds
Fαjα =
(
sinu+ cos v + w)σj + F
(j)
j σ(j) (3.30)
The Christoffel symbols of the second kind of this space are
Γ111 =
1
u
, Γ122 =
v
u2
, Γ133 =
w
u2
,
Γ211 =
u
v2
, Γ222 =
1
v
, Γ233 =
w
v2
,
Γ311 =
u
w2
, Γ322 =
v
w2
, Γ333 =
1
w
,
(3.31)
and Γijk = 0 in all other cases.
The generalized Thomas projective parameter of the space R3 is
T ijk =


Γijk, i 6∈ {j, k},
− 1
N+1Γ
(k)
k(k)
, i = j 6= k,
N−1
N+1
(
1
u
δi1 +
1
v
δi2 +
1
w
δi3
)
, i = j = k.
(3.32)
Hence, the derived invariant of Thomas type of the mapping f is
T˜ ijk = T
i
jk −
1
2
F ijk +
1
8
δijF
α
kα +
1
8
δikF
α
jα, (3.33)
for F ijk,F
α
jα given by the equations (3.29, 3.30).
We have the following cases for the curvature tensor Rijmn:
1. m = n⇒ Rijmn = 0⇒ Rjm = 0,
2. j = m 6= n⇒ Rijmn = Γ
i
jm,n + Γ
(n)
jmΓ
i
(n)n ⇒ Rjm = Γ
α
jm,α + Γ
α
jmL
(α)
α(α),
3. j = n 6= m⇒ Rijmn = −Γ
i
jn,m − Γ
α
jnΓ
i
αm ⇒ Rjm = −Γ
(m)
j(j)Γ
(j)
(m)m,
4. j 6= m, j 6= n⇒ Rijmn = 0⇒ Rjm = 0.
(3.34)
It is also satisfied
ζij =
1
N + 1
Γ
(i)
i(i)|j
+
1
(N + 1)2
Γ
(i)
i(i)
Γ
(j)
j(j)
+
1
2(N + 1)
(
Γ
(α)
α(α)F
α
ij + F
α
iα|j + Γ
(i)
i(i)F
α
jα + Γ
(j)
j(j)F
α
iα
)
,
(3.35)
for F ijk,F
α
jα given in the equations (3.29, 3.30).
Hence, the corresponding invariants of Weyl type of the mapping f are
W˜ ijmn = R
i
jmn − δ
i
[mζjn] −
1
2
F ijm|n +
1
2
F ijn|m, (3.36)
W˜ ijmn = R
i
jmn +
1
N − 1
(
δimRjn − δ
i
nRjm
)
−
1
2
F ijm|n +
1
2
F ijn|m. (3.37)
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